
Inequality Exercise 

1. Prove, with the exceptions stated in each case, that the following inequalities are generally true. 

 [The letters represent positive quantities.] 

 (a) m3 + 1 > m2 + m ,  unless  m = 1. 

 (b) x5 + y5 > x4 y + xy4 ,  unless  x = y. 

 (c) (b + c – a)2 + (c + a – b)2 + (a + b – c)2 > bc + ca + ab ,  unless  a = b = c. 

 (d) (a + b)(b + c)(c + a) > 8abc ,  unless a = b = c 

 (e) a2b + b2c + c2a + ab2 + bc2 + ca2 > 6abc ,  unless  a = b = c. 
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 (j) x7 + y7 > x4y3 + x3y4 , unless x = y. 

 (k) x7 + 1 > x6 + x , unless x = 1. 

 (l) x5 + x -5 > x2 + x –2 , unless x = 1. 

 (m) (a + b + c)3 > 27abc,  9(a3 + b3 + c3) > 27abc,  unless  a = b = c. 

 (n) xyz > (x + y – z)(y + z – x)(z + x – y),  unless  x = y = z. 
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3. Let n and p be positive integers. Prove that: 
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8. Prove that:  
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9. Let  a1, a2, …., an  form an arithmetic progression  (ai > 0). 

 Prove that: 
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10. Prove the Cauchy-Bunyakovskii-Schwarz (CBS) inequality: 
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15. Let a > 1 and n be a positive integer. Prove that:  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−≥−

−+

2
1n

2
1n

n aan1a . 

16. Show that:  (n!)2 > nn  and  2 ⋅ 4 ⋅ 6 ⋅ …. ⋅ (2n) < (n + 1)n. 

17. Show that:  (x + y + z)3 > 27xyz. 

18. Show that:  nn > 1 ⋅ 3 ⋅ 5 ⋅ …. ⋅ (2n – 1). 

19. If n is a positive integer greater than  1 , show that: 1nn 2n12 −+> . 
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21. If  x, y, z  are lengths of the three sides of a triangle, show that: 

 (i) (x + y + z)3 > 27(x + y – z)(y + z – x)(z + x – y) 

 (ii) xyz > (x + y – z)(y + z – x)(z + x – y) 

22. Show that :  1! 3! 5! ….(2n – 1)! > (n!)n. 

23. If  a, b, c  denote the sides of a triangle, show that: 

 (i) a2 (p – q)(p – r) + b2 (q – r)(q – p) + c2 (r – p)(r – q) ≥ 0,  where  p, q, r ∈ R. 

 (ii) a2yz + b2zx + c2xy ≤ 0,  if  x + y + z = 0. 

24. Show that if  a, b, c  are all positive,  the expressions: 

   a(a – b)(a – c) + b(b – c)(b – a) + c(c – a)(c – b) 

 and  a2(a – b)(a – c) + b2(b – c)(b – a) + c2(c – a)(c – b) 

 are both positive. 

25. Show that:  (a + b + c + d) (a3 + b3 + c3 + d3) ≥ (a2 + b2 + c2 + d2)2. 
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27. If n is a positive integer and x < 1, show that:  
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(b) By putting  y =
x
c  where  x > c > 0  in  (a) ,  or otherwise, show that: 

ba

cb
cb

ca
ca

⎟
⎠
⎞

⎜
⎝
⎛

−
+

<⎟
⎠
⎞

⎜
⎝
⎛

−
+ , 

   where a, b, c are in descending order of magnitude. 

30. If  α, β  are positive quantities,  and  α > β, show that: 
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 Hence show that if  n > 1, the value of  
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31. Show that the sum of the  mth powers of the first n even numbers is greater than: n(n + 1)m, if  m ∈  / {1}. 

32. Show that:  27(a4 + b4 + c4) > (a + b + c)4. 

33. Show that:  n(n + 1)3 ≤ 8(13 + 23 + 33 + …. + n3) . 
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35. Show that:  (i) ex > 1 + x  for x ≠ 0. 
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36. If  b2 < ac  and  a + 2b + c > 0, show that:  4a + 4b + c > 0. 

37. Prove that:   
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38. (i) Prove the inequality   2(x2 + y2) ≥ (x + y)2,  where  x, y  are real numbers. 

  When does equality hold? 

 (ii) If a, b are positive numbers such that  a + b = 1 , prove that: 
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39. (i) If x > 0, show that   32
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 (ii) The  3 sides of a triangle form a Geometric Progression with common ratio  r  , prove that: 
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