Inequality Exercise

Prove, with the exceptions stated in each case, that the following inequalities are generally true.
[The letters represent positive quantities.]

(@ m*+1>m?’+m, unless m=1.

(b) X+y’>x*y+xy*, unless x=y.

() (b+c-a’+(Cc+a-h)?’+@+b-c)>>bc+ca+ab, unless a=b=c.

(d) (a+b)(b+c)c+a)>8abc, unlessa=b=c
(e) a’b+b’c+c’a+ab®+bc?+ca®>6abc, unless a=b=c.
()] aer+b+c+c+a>6,unless a=h=c.
c a b
(9) (£+XJ 3+E > 4, unless i=X.
a bAx vy a b

(h) (a+b+c)(1+£+lj>9 , unless a=b=c.
a b c

. I m nYa b c I m n
(i) —t—t— || —+—+—[>9, unless —=—=—.
a b cAl m n a b ¢

G) X +y >x+x%* unless x = y.
(k) x"+1>x°+x, unlessx = 1.

(N X+x°>x%+x7?

, unless x = 1.
(m) (@+b+c)P®>27abc, 9@ +b*+c®>27abc, unless a=b=c.

(N) xyz>X+y-2z)(y+z-x)(z+x-y), unless x=y=z.

Show that: L+ 1 +....+i>l , where ne N\{1}.
n+l n+2 2n 2
Let n and p be positive integers. Prove that:
1 1 1 1 1 1 1
- < 2-f- 2+....-i- 2< -
n+l n+p+l (n+1)° (n+2) (n+p)° n n+p
1 1 1
Prove that: I+ ——=+—=+..+—=>2vn+1-2.
v2 3 vn
1 1 1
Prove that: —=<—C, < —
2ds 4 F Vsl
Prove that: cot% >1+cotd. (0<0O<m)
Prove that: J(@+c)b+d) > Vab ++/cd (a,b,c,d>0)
3 3 3
Prove that; (a +b Jz (ibj (@, b>0)
2 2
Let ay, a ....,a, form an arithmetic progression (a; > 0).

a,+a . n+1
Prove that: \/a,a, <4/a,a,..a, <———".  Inparticular Vn <¥nl<——.
2 2
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Prove the Cauchy-Bunyakovskii-Schwarz (CBS) inequality:

(albl + a‘ZbZ

+..+ab ) <@’+a, +..+a,’ )b’ +b, +..+b°).

Prove that: a,+a,+..+a, <yn(@’+a, +..+a’).
Prove that: (x1+x2+....+xn)(i+i+....+ijznz.

Xl XZ Xn
Prove that: V3>¥Ya>Y5>. >Vn>"In+1>....
Prove that; 2>v3>¥4>45> . >"In>¥n+l>...

nd o

Let a> 1 and n be a positive integer. Prove that: a"-1> n[a 2 —a? J .
Show that: (M?>n" and 2-4-6-....-(2n)<(n+1)"
Show that: (x +y +2)° > 27xyz.
Show that: n">1.-3.5.....-(2n-1).

If n is a positive integer greater than 1, show that: 2" >1+nv2"t .

Show that;

(n!)* < n”(nTJrl)zn .

If X,y,z are lengths of the three sides of a triangle, show that:

() (x+y+2)’

>21(x+y=-2z)(y+z=X)(z+x~Y)

(i) xyz>(x+y-2)(y+z-x)(z+x-y)

Show that :

113151 ....(2n=1)! > ()",

If a, b,c denote the sides of a triangle, show that:

() a@-a)p

(i) a%z +b%zx

-n+b?(@-nN@-p)+c*(r-p)(r-a)=0, where p,qreR.

+c’xy <0, if x+y+z=0.

Show that if a, b, c are all positive, the expressions:

ala-b)a-c)+bb-c)b-a)+c(c—a)c-b)

and a’(a-—

are both positive.

Show that;

b)(a-c) + b%(b—c)(b-a) + c*(c—a)(c - b)

(@a+b+c+d) (@ +b*+c+d%) =@ +b?+c?+dd)2

. . X
If x is positive, show that Tox <Inl+x)<x.
+ X

If n is a positive integer and x < 1, show that:

Prove that:

1_XI‘I+1 1_Xn
< .

n+1 n

iIog(1+am)<£Iog(1+a”), wherem>n>0 and a>0.
m n



l+y
1-y

(&) Prove that In( j< ! ! , where O<y<1.

1—y_1+y

a b
By puttin == where x>c¢>0 in (a), orotherwise, show that: 2 < ,
(b) Byputting y C wh 0 in () herwise. show th (a+cj (E+c)
X a—-c —-C
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where a, b, ¢ are in descending order of magnitude.

“ B
If o,p arepositive quantities, and o > 3, show that: (l+£j >(1+%J.
o

Hence show that if n > 1, the value of (1+£) lies between 2 and 2.718....
n

Show that the sum of the m™ powers of the first n even numbers is greater than: n(n + 1)™, if m e N/{1}.

Show that: 27(* +b*+c) > (@a+b+ o).
Show that: nn+1)°<8(13+2°+3*+ ....+n%.
Show that: (x1+x2+x3)(i+i+ijzg.
Xl X2 X3
Show that: (i) e&>1+x forx=0.
x3 n
(i) x+—<tanx, x e(o,—).
3 2
If b?’<ac and a+2b+c>0,show that: 4da+4b+c>0.
Prove that: Cﬂiksi and (1+1) <3.
n ki n
(i) Provetheinequality —2(x*+y%) > (x+y)?, where x,y are real numbers.

When does equality hold?

2 2
(i) If a, b are positive numbers such that a+b =1, prove that: (a+1j +(b+%) 2%.
a

(i) Ifx>0,showthat x®-x*> When does the equality sign hold?

(i) The 3sides of a triangle form a Geometric Progression with common ratio r , prove that:

J5-1 V541
<r< .

2 2
Solve for x: 345 > 2x+7 .
x-1 x-1
Let A+B+C=mx, provethat tan2%+tan2%+tan2%21.

a+b

a+b
Show that : a’p? <( j , Wwhere abelV.



